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Abstract. An Ising spin model for the magnetic phase of YBasCu3zOeg4z (123) is
studied with Monte Carlo simulations. The existence of frustrated spin couplings is
shown to play an important role in the spin ordering. The specific heat, magnetic or-
der parameters and susceptibility are calculated for various values of z. The deduced
magnetic phase diagram is in good agreement with experimental results, showing the
interplay between type-I and type-II antiferromagnetic orders. The relevance to a
variety of doped 123 materials is discussed with a more general three-dimensional
phase diagram.

1. Introduction

The effect of frustration in determining the nature of magnetic ordering in spin systems
has been studied in a variety of models [1]. Frustrated spin systems are known to give
rise to a rich variety of non-trivial possibilities, including all combinations of finite or
vanishing zero-temperature entropy and finite or zero transition temperatures.

The most recent examples of frustrated spin systems under intensive investigation
are magnetic phases of the high transition temperature (7,) superconductors. They
have attracted much attention because in such systems magnetic properties are be-
lieved to be directly related to the origin of the superconductivity [2]. Magnetic suscep-
tibility and neutron scattering experiments done on these materials have shown that
their magnetic properties depend strongly on the oxygen content z. YBa,CuzO4_
for £ = 0 is a simple antiferromagnet, while for z > 0.5 it is a superconductor with no
evidence of magnetic long-range order (LRO). For intermediate values of z, the mate-
rial shows a variety of different magnetic phases, and is not yet completely understood
(3-7]

To study the possible role of various types of frustration in the three-dimensional
(3D) spin ordering seen in YBa,CuyOg, , with neutron scattering, we consider here
a simple classical Ising spin model. The advantage of the Ising approach is that the
effects of frustration are generally largest in this case, and therefore provide an upper
bound for the effects under consideration.

In addition the Ising model may be relevant to the high-T, materials. Although the
Cu®* ion in the copper-oxide materials is expected to be very isotropic in spin space,
small anisotropies may still lead to easy axis or easy plane behaviour, thus making
the Ising model results relevant, as in the case of K,NiF, [8]. Neutron scattering has
revealed some small anisotropy in spin space in both La,CuO, and YBa,Cu;Oq,,,
with ordered spins confined to a particular direction or plane [5,9], consistent with the
fact that in the presence of long-range order, even a small anisotropy reduces the spin
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symmetry. Therefore, in high-T,; materials, although spins are believed to be more
Heisenberg in character near the Néel temperature Ty [9,10], they may develop Ising
(or XY) like symmetry at low temperatures.

Frustrated spin interactions in our model are introduced when extra oxygen is
doped into YBa,Cu,zO4. The concentration of oxygen plays a key role in determining
the valence states of the Cu ions, and therefore the location of spins in the lattice and
the exchange interactions between them. To model the magnetic lattice, we attach
a single Ising spin to every Cu®t in the lattice, incorporate appropriate exchange
couplings between spins, and then use Monte Carlo simulations to calculate quantities
of interest, such as specific heat, susceptibility and order parameters [11].

In this paper, we present the results of our Monte Carlo study on the frustrated
Ising model. In section 2, we construct the model with consideration of what is known
about the structure of YBa,CuzOg¢,,. In section 3, we discuss how the Monte Carlo
simulations are carried out and the physical implications of the results. Conclusions
and a summary are presented in section 4. Corresponding results for the XY and
Heisenberg models will be presented elsewhere [12].

2. The frustrated Ising model

The lattice on which the spins may reside consists of the Cu sites in YBa,CuzOq, ,,
which has a layered structure as shown in figure 1. The Ising Hamiltonian we use
takes the following form

iJ

where the indices i and j label only the spin sites where a Cu?t ion resides. The spin
density on each layer, the exchange couplings Jij and the degree of frustration are all
determined by the oxygen content z.

@-Y
@,0-Cu
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Figure 1. The lattice structure of YBazCu3 O+ shown on two unit cells. Atz =0,
only (hatched) Cu sites on A and C have spins, and there is no oxygens on B.

First we discuss how the density of spins is changed by the oxygen content z. At
z = 0, experiments show that YBa,Cuy O, is a magnetic insulator [13] in which the B
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layers contain only non-magnetic Cu'? ions, while the CuO, planes A and C contain
only magnetic Cu?* ions, due to the higher oxygen coordination [14,15]t. Thus, at
z = 0, there is a spin at every Cu site on the A and C layers, but none on the B. As
z increases from 0, each additional O%~ contributes two holes to the lattice. A hole
added to a Cul* ion on B creates a Cu?* with a spin; while a hole entering the A or C
layers is believed to sit on an O site and to eliminate a neighbour Cu?* spin through
the formation of a singlet spin state [16]i. At a given oxygen doping concentration z,
the total number of additional holes is 22 per unit cell, which we divide into f per
unit cell on B and (2 — f/2) equally on A and C respectively. Here f is introduced
as the number of holes per unit cell (out of the total 2z) going into the B layers and
satisfies 0 < f < 2z. In the present work, we consider the quenched case with a
random distribution of O%~ on the B layers, at a given oxygen concentration z. The
quenched model is thus characterized by a random distribution, on the lattice shown
in figure 1, of n, spins per unit cell in A or C (npc = ny = n¢) and ng spins per
unit cell in B, with

nac=1-(z - f/2)

ng = f.

(2)

In general, unless the material is rapidly quenched, correlations will exist among the
02~ ions on the B layers, resulting as £ — 1 in ordering along a preferred chain
direction and a transition to an orthorhombic structure.

J
1 ®, © —spins (ch

T

J3 O - spin vacancy (Cu)
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© (b}

Figure 2. (a) The three different types of intralayer couplings and (b) the three
different types of interlayer couplings.

Now we consider the exchange couplings J;; present in the model. As shown
in figure 2, all the interlayer couplings are noted with a superscript ‘prime’ and

t It may be possible to produce spins on the B layers for z = 0, by replacing the Y atom with Nd;
see [7].

t The added hole on the A/C plane could also form a Cu®t jon; however, there is little evidence for
the trivalent Cu ion in this system or in similar environments, see {17].
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all the intralayer couplings without. At z = 0, three different couplings are re-
quired by the ordered spin configuration seen in neutron scattering [5]: J; is the
intralayer nearest-neighbour superexchange coupling through an O?~; J} is the inter-
layer nearest-neighbour coupling between adjoining A and C layers; J} is the other
long-range coupling between the A and C through the B layer. For z > 0, the spins on
the B and spin vacancies on the A a nd C bring in three more couplings: an interlayer
superexchange coupling J; between a spin on the B and a nearest neighbours on the
A or C, which replaces J3; an intralayer next-nearest-neighbour coupling J; in the A
or C through a spin vacancy site, analogous to the interlayer J§; an intralayer nearest-
neighbour J, in B without an intervening O?~ in betweent, analogous to the interlayer
J3. All these couplings are antiferromagnetic (AF) except Ji, which is not yet clearly
known to be ferromagnetic or antiferromagnetic, but either sign for J; would give the
same effective ferromagnetic coupling between the A and C, which frustrates the AF
coupling Jj.

The effects of frustration can be easily seen by looking at the competing couplings,
J{ and Jg, and also J, and J,. The competition between J, and J, weakens the two-
dimensional (2D) AF order in the A or C layers, while the competition between J]
and J3 has an even more dramatic effect. At z = 0, the order along the ¢ direction is
determined by J3, together with J4, forming the so-called type-1 order with the period
of the unit cell ¢;, where ¢4 is the lattice constant in the ¢ direction. Thus A and
C order antiferromagnetically within a unit cell. As z increases from 0, J{ starts to
compete with J§ in the ¢ direction, tending to form the so-called type-II order with
period 2¢;, thus A and C order ferromagnetically within a unit cell. We therefore
define two different 3D AF order parameters to describe the 3D AF LRO in the system.
Type I order is described by

I = Z(mL - mTC) (3)

n
where mL and mTc are the 2D staggered magnetization on the A and C layers respec-
tively, and n labels the unit cells in the ¢ direction. The order parameter /] equals
unity for the AF order observed at # = 0. Type-II order is described by

=y (=17 (mh = mb + mb) (4)
n
where m}; is the 2D staggered magnetization on the B layers; and I}; is non-zero when
type-1I order is present.

The MC simulations are carried out on a 12 x 12 x 6 (unit cell) lattice, which
contains 1728 spins at ¢ = 0, with 2000 to 20000 MC steps per spin depending on the
equilibration time of the system. To assign numerical values for the various couplings
J discussed in the above, we note that, from type of the exchange, bond length
and symmetry of valence electron orbital, the relative magnitude of these different
couplings may be determined: for intralayer couplings, J; should be larger than J,
and Jy; for interlayer couplings, J; should be larger than J} and J§; all intralayer
couplings should be much larger than the corresponding interlayer couplings. More

t We put spins randomly on B, and approximate nearest neighbour coupling by an average of J; and
Jo weighted by number of bonds occupied by 02~
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Figure 3. Specific heat (per spin) c versus temperature T for various values of
oxygen doping .

quantitative analysis can be found in [18] and [19]. Taking all these considerations
into account, the interactions parameters are chosen, in units of J;, to be

J =1 J =04
J, =02 Jy=10.2 (5)
J;=025  J,=0.1

In the next section, we will discuss the results of our simulation with the distribution
of spins in the lattice determined by (2) and supplemented by the condition

f=04z (6)

which is chosen so that AF LRO disappears at ¢ = 0.5. This spin distribution gives
a phase diagram in a good agreement with the neutron scattering experiments on
YBa,CuzOg, .. Equation (6) gives more holes on A and C layers than the x-ray ab-
sorption experiments suggested [20], because the classical Ising model neglects charge
fluctuations and overestimates magnetic correlations. We also performed the simula-
tions with different spin distributions corresponding to f = 0 and f = 2z, which we
will discuss in the last section.

We would like to emphasize here that the qualitative picture following from our
calculations does not depend sensitively on the magnitudes of J’s and the spin distri-
bution. As we will discuss in the last section, deviations from the choice listed in (5)
and (6) only move phase boundaries smoothly in the parameter space.

3. Results and discussion

The results from the simulations include the following: the specific heat, the mag-
netic susceptibility and the order parameters I} and /j; as functions of temperature
at different oxygen content z. In figures 3 and 4, the specific heat and the AF order
parameters /; and !; are shown as functions of temperature T for various z, while
figure 5 shows the magnetic susceptibility.
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Figure 4. The AF order parameters [; and [ versus temperature T for various
values of z.
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Figure 5. Magnetic susceptibility (per spin) x versus temperature T for various
values of z.

The effects of frustration on the magnetic ordering are clearly seen in the calculated
specific heat and order parameters. At z = 0, with no frustration, type-I order forms
when T < Ty & 2.7J; with {; = 1 and Ij; = 0. Ty is slightly higher than the 2D Ising
transition temperature, T3P ~ 2.27J;, representing the effect of the weak interlayer
interactions. Two effects occur as z increases. On one hand, dilution of spins and
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frustration on the A and C layers result in a lower Ty and a broader transition; on
the other hand, more spins develop on the B layers, increasing frustration along the
¢ direction as well as the tendency to form type-II order. At z & 0.3, the J§ coupling
is still dominant in ¢ direction, so I} is still larger than I;;. By z = 0.4, the nature
of the 3D AF order begins to change—type-II order appears. Figure 4 shows that, at
x = 0.4, as temperature decreases, initially {; grows, then a finite {[; appears associated
with a small decrease in the value of I;. This second phase is also seen in the neutron
scattering experiments [6]. For larger values of 2 (2 = 0.5) the joint effect of frustration
and dilution is strong enough to eliminate the LRO; the transition becomes very broad
with a very low specific heat peak and very small order parameters.

Paramagnetic

Ty (Jy)

——
1k <
— TypeIl
< - 3
L = 1
-
0 | | | |
0 1 2 3 4 5

Figure 6. The magnetic phase diagram from Mc simulations and the free energy
analysis. The shown spin configurations are for two unit cells.

The impact on the magnetic order due to the change in the oxygen content z can be
summarized in the phase diagram shown in figure 6, which is in general agreement with
the neutron diffraction measurements of Tranquada et al [5]. The spin patterns shown
are type I and type II respectively, along the ¢ direction. The transition temperature
Ty from the paramagnetic to AF state is determined by the peak in specific heat
together with the onset of the AF order parameters. The phase boundary, 7, between
I and II is extrapolated from the finite-temperature MC results and the following low
temperature calculation.

At T near 0, using the ground state configurations, we can write down the free
energy per unit cell, f = u — T's, for type I and 11 respectively as

Ji = ~{lnkc 47, + nic J3 + (1 = ng)nic J4]

+ind 4[de J 4+ (1 - $2)J,)} - T In[27e(i-n8)")
fu = —[nic 47, +nic J3 = (1 = ng)nic J3]

—np{nsc 2J1+ np 432 J, + (1 - 32)J5)}

where n, and np are the densities of spins in the A (or C) and in the B respectively,
and are functions of z. Setting f; = fj; gives the phase boundary

2n,clngdy — (1 —ng)nacdil
1 (o) = 2Nacl?BYy B)ac’al 7
In(2) ng(l —ng)iln2 ™
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At T =0, the concentration where type I changes to type II, (T = 0), is determined
by

Jing = J3(1 — np)nyc. (8)

For J{, J} and the hole distribution given in (5) and (6), we have x (T = 0) = 0.375.
For T > 0, the phase boundary slopes to the right, because the totally frustrated
spins in the type-I phase generate larger entropy than in type II. This phase boundary
therefore corresponds to a first-order transition. The co-existence of Iy and {;; near
the phase boundary is expected in the simulations, as observed. This is also consistent
with the co-existence of the two types of spin order observed in neutron scattering [18]

For the calculated magnetic susceptibilities in figure 5, the following unusual fea-
tures are noticed: (a) the susceptibilities may be decomposed into two parts, a stan-
dard AF contribution and a paramagnetic tail at low T, which comes from the frus-
trated spins on the B layers when the A and C layers are ordered as in type I; (b) as
increases the AF peak in x becomes very broad with an unobservable cusp at Ty; (¢)
the paramagnetic tail first grows with increasing z, reaching a maximum at z = 0.3,
then decreases with increasing z. At the maximum (2 = 0.3) the size of the Curle
tail corresponds to the number of spins (Cu®t) on the B layers, which is 5.4% of the
total number of Cu sites on the B layer, in good agreement with experiment [4,5]. The
reason for the initial increase in the Curie constant comes from the increase in number
of frustrated spins on the B layer, which behave like free spins. But as x increases
beyond a certain value, type-II AF order involving the B layers develops, most spins
on the B layers then become ordered, so the paramagnetic tail is reduced [4].

4, Summary and conclusions

In summary, we would like to discuss how the phase diagram changes if the coupling
parameters and spin distribution are different from those in (5) and (8), and thus
more generally relate our results to a variety of doped magnetic compounds of the 123
structure. To do so, we have carried out the simulation with different spin distributions
with f = 0 and f = 2 in (2). We then construct, from these results, a schematic
three-dimensional phase diagram with three different cross sections I'y, 'y and T'y, as
shown in figure 7, intersecting the Ty axis (nyo = 1, ng = 0) and perpendicular to
the ng—nyc plane. Cross section I'; is the phase diagram of figure 6, with the hole
distribution determined by f = 0.4z. Cross section I'y, within the ng-Ty plane, is
the resulting phase diagram for f = 2z (all the oxygen doping induced holes on the
B layers). Cross section I';, within the n, ~~Ty plane, is the phase diagram for f =0
(all the oxygen doping induced holes on the A and C layers). The high-Ty at z = 0.5
on I', arises because every Cu site on the B layers has a spin and the system is an
ordinary, unfrustrated antiferromagnet. The dotted lines in the n,--npg plane are the
phase boundaries at 7' = 0: the line parallel to the n, axis divides type II from type
I, while the one parallel to the ng axis separates the magnetically ordered phase from
the paramagnetic phase.

The 3D phase diagram of figure 7 demonstrates the effect of various kinds of doping
on the 123 lattice structure. For YBa,Cu;Og,,, we assumed a simplified oxygen
doping hole distribution given by f = 0.4z, which gave the phase diagram I';. For
a linear relation between f and & with different coefficient, the surface I'; is rotated
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Type I
BEAH Type 1T

Ng

Figure 7. Schematic 3-dimensional phase diagram from MC simulations. nac and
np are the number of spins per unit cell on the A (or C) and the B respectively. No
oxygen doping, z = 0, corresponds to the origin where ngc = 1 and ng = 0. The
doping concentration z = 0.5 is shown as the chain line.

around the Ty axis. The actual relation between f and z is probably not linear [20],
with the phase diagram I'; becoming a curved surface. Thus for a given material
of 123 structure in which some holes go into A and C while others go into B as =
increases, the phase diagram must be a surface lying between the extreme cases I',
and I';, and along which type I changes to type II and then to short-range order.

The cross section I'y is the case where the number of spins on A and C remains as
one while the number of spins on B changes from zero to one per unit cell, which ap-
proximately describes what happens when Co is substituted for Cu in YBa,CuzOq ,:
magnetic Co ions replace non-magnetic Cu ions on the B (chain) layers with the A
and C layers unchanged resulting in the formation of a type-II phase [21]. The cross
section 'y corresponds to the situation where the number of spins on B remains zero
while the number of spins on A and C is suppressed; this may apply to doping of
Zn into YBa,CuyOf where non-magnetic Zn?* enters the A and C (plane) layer and
replace magnetic Cu?t.

Another interesting case occurs in NdBa,CuyOg_, in which it appears that spins
exist in the B layers even at ¢ = 0 [7]. Since even stronger anomalies exist in the
Ce and Pr analogues [22], a difference in the valence state of Cu due to Nd is not
unexpected. The effect amounts in our calculations to a shift of origin to a finite value
ng of spins on the B layers. Thus we would predict that type-II order occurs at low
temperatures for ¢ & 0. At higher temperatures type-I order may or may not occur
before the paramagnetic state.

Finally we consider the effects of different values of the J on the the 3D phase
diagram. (a) Changing the ratio of the intralayer nearest and next-nearest neighbour
couplings changes the intralayer frustration, resulting in a different value of = where
the LRO disappears; (b) changing the ratio of the interlayer nearest and next-nearest
neighbour couplings changes the interlayer frustration and results in a different value
of = for the boundary between type-I and type-1I orders; (¢) changing the ratio of an
interlayer and the corresponding intralayer couplings changes the degree at which the
interlayer frustration affects the Ty, i.e., larger interlayer couplings make the drop of
Ty at the boundary of I and II deeper.

The values of J in (5) together with the hole distribution in (6) produce the phase
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diagram in figure 6 in which the LRO disappears at ¢ & 0.5 and type I changes to type
IT at £ = 0.4. Due to the finite size of a 2D layer in our MC simulation, the interlayer
couplings chosen in (5) can not be made as small as suggested by neutron scattering
[18,19]t. However, from (c) above, replacing the interlayer couplings by much smaller
ones leaves the phase diagram unchanged except for a small overall decrease of Ty,
and the elimination of the drop of Ty at the I and II boundary.

In conclusion, Monte Carlo simulations of an Ising model with frustrated spin
couplings have accounted for many features of the phase diagram and magnetic or-
dering in YBa,CuzOg, .. Frustration is seen to play an essential role in the magnetic
ordering. In addition a more general 3D phase diagram involving independent spin
occupations of the chain and plane sites is obtained which relates a number of different
doping experiments on the magnetic phase of 123 oxide superconductors.
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